Abstract. In this paper, we give a necessary and sufficient condition for the hyponormality of the block Toeplitz operators T Φ , where Φ = F +G * , F (z), G(z) are some matrix valued polynomials on the vector valued Bergman space L 2 a (D, C n ). We also show some necessary conditions for the hyponormality of T F +G * with F + G * ∈ h ∞ ⊗ M n×n on L 2 a (D, C n ).
Introduction
Let D and T be the open unit disk and unit circle in the complex plane C respectively and dA be the normalized Lebesgue area measure on D. Let M n×n be the set of all n × n complex matrices. The block Toeplitz operator with matrix symbol Φ(z) = [ϕ ij (z)] n×n ∈ L ∞ (D, dA) ⊗ M n×n (the space of matrix valued essential bounded Lebesgue measurable functions on D ) is defined by T Φ h = P (Φh) and the block Hankel operator with matrix symbol Φ(z) is defined by H Φ h = (I − P )(Φh), where P is the orthogonal projection from A bounded linear operator A on a Hilbert space is called hyponormal if A * A − AA * is a positive operator. There is an extensive literature on hyponormal Toeplitz operators on H 2 (T) (the Hardy space on T) [2, 4, 6, 8, 12] . The Bergman space is more complex than the Hardy space. So characterizations of hyponormality of the Toeplitz operators are more difficult, and there are only some results for the Toeplitz operators with certain symbols [1, 7, 9, 10, 11] . Since H 2 (T) ⊗ C n shares a lot of nice properties of H 2 (T), there is also an elegant characterization of the hyponormality of the Toeplitz operators with the bounded symbols on H 2 (T) ⊗ C n [3, 5] . In this paper, the hyponormality of the block Toeplitz operators with certain symbols on L 2 a (D, C n ) will be discussed. H. Sadraoui first showed that if f, g ∈ H ∞ (the space of bounded functions on D), and
. Later, P. Ahern and Z. Cuckovic [1] generalized H. Sadraoui's result by a mean value inequality and Berezin transform to the following theorem.
In particular, if f ′ and g ′ are continuous at ξ ∈ T, then |f
The condition in the above theorem is not sufficient, but for the Toeplitz operators with certain trigonometric polynomial symbols and under some assumptions, the condition is also sufficient:
The hyponormality of T Ψ with Ψ ∈ L ∞ (T)⊗M n×n on H 2 (T)⊗C n shares the extensions of Cowen's result to H 2 (T) in [2, 5] . But the condition of Cowen's Theorem is not sufficiently explicit and is difficult to be verified. There are some explicit conditions of the hyponormal block Toeplitz operators on H 2 (T) ⊗ C n under some extremal condition (see the section 4 in [5] ).
In this paper, we consider the hyponormality of T Φ with Φ = F + G * ∈ h ∞ ⊗ M n×n . In Section 2, we discuss the hyponormality of T Φ with the matrix with certain polynomials entries symbols. We obtain a necessary and sufficient condition of the hyponormality of T Φ in Theorem 2.6. In Section 3, we obtain some necessary conditions of the hyponormality of
We also obtain a simple characterization of normal T Φ in Theorem 3.5.
Necessary and sufficient condition
In this section, we will discuss the hyponormality of block Toeplitz operators on L a is a positive operator will be discussed. There is the following proposition.
Proof. We first prove the necessity. Since
Letting z → ξ ∈ T and by [1, Theorem 2], we obtain
Therefore, direct calculation shows that
which completes the proof.
The following theorem shows that if T Φ , the Toeplitz operator on L 2 a (D, C n ) with harmonic symbol Φ, is hyponormal, then Φ is normal.
Denote z = rξ, 0 < r < 1, ξ ∈ T. Letting r → 1, we have
for almost all ζ ∈ T, where the second equality follows from the dominant convergence theorem. Therefore
for almost all ζ ∈ T. Note that
Thus we deduce that
for almost all ζ ∈ T and all 0 ≤ k ≤ n.
for almost all ζ ∈ T. Taking Poisson integral of the above equality, it follows that Φ * Φ = ΦΦ * almost everywhere on D and the proof is complete.
In the rest of this section, we let
Then there is the following representation,
By the above equalities and Theorem 2.2, we know that T Φ is hyponormal if and only if H *
In the rest part of this section, we let Φ(z) = F (z) + G * (z), where
and there is the following matrix representation,
Proof. The proof follows from the above matrix representation and the above proposition.
The following theorem gives a necessary condition for the hyponormal block Toeplitz operators with harmonic symbols.
′ is a positive semi-definite matrix for all z ∈ T.
By the precious theorem, we have H *
we have
on T and this completes the proof.
The first main result of this paper is the following theorem.
, C n is the inner product in C n and γ, δ ∈ C n . Then T Φ is hyponormal if and only if
Proof. Without loss of generality, we only need to proof the sufficiency for n = 2.
Let
By the hypothesis,
′ is a positive semi-definite matrix for all z ∈ T, that means, for any e 1 , e 2 ∈ C,
′ is positive semidefinite on T if and only if
Since DD * − BB * is positive semi-definite and
Similarly, we have
We have the following inequality
This completes the proof.
Remark 2.7. The assumption that DD * − BB * is positive semi-definite can not be removed. Let F , G be the diagonal matrices with the matrix entries as f and g in [10, Remark 2.8] and we get the counterexample.
Necessary conditions with F
where tr is the trace of matrix M .
Note that
By the hypothesis, we arrive
Therefore,
Letting |c| → ∞, we get P (
where
. . , I. Proof. By Theorem 3.1, it is sufficient to show that if F 2 = G 2 , then the vector ν = 0 if and only if
By the hypothesis, we know that l≥k
It follows that 2Rec[ The second main result of this paper is the following theorem. 
